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Abstract
In this work, we solve the problem of boundary value of a wave
equation with variable coefficients
u, (x,t)+px)u, (x,t)+q(x)ut(x,t)+r(x)u(x,t)—v21(x)un(x,t) =0,
O<x <o, t20
Where u(x,t)is the functions that represents the wave, p,q,r and
V' are continuous functions on the interval (0,),andV (x) =0 for
any x e(0,0). That satisfies the boundary conditions
u, (0,t)=A(t), u(eo,t)=0, and initial conditions
u(x,0)=u,(x,0)=0, solving the problem using the method of
separating variables was difficult. Therefore, we found another way,
which is to replace the wave equation with a system of first- order
partial differential equations then solve it and we show that the
solution of this system equivalent to the solution of a wave equation,
using this method very helpful in getting a solution for this problem.
Keywords: Wave equation, boundary conditions, initial
conditions, system of first-order partial differential equations.
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1. Introduction
The wave equation is a second-order partial differential equation
that describes the propagation of waves in a medium. It is commonly
used to model various physical phenomena, such as vibrations in a
string, sound waves, and electromagnetic waves. In many practical
situations, the coefficients in the wave equation may vary with
respect to space or time. These variable coefficients can
significantly affect the behavior of the waves and make the problem
more challenging to solve. When solving the wave equation with
variable coefficients, one encounters what is known as a boundary

value problem [1].
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A boundary value problem involves finding a solution to a
differential equation that satisfies certain conditions at the
boundaries of the domain. In the case of the wave equation, these
boundary conditions typically specify the behavior of the wave at
the endpoints of the domain or at certain points within the domain.
Solving a boundary value problem of the wave equation with
variable coefficients requires applying appropriate techniques and
methods. One commonly used approach is to separate variables by
assuming a solution of the form u(x,t) =X (x)T (t), where X (x)

represents the spatial part of the solution and T (t) represents the

temporal part. This separation allows us to transform the partial
differential equation into a set of ordinary differential equations,
which can be solved separately [2].

The specific techniques used to solve the resulting partial
differential equations depend on the nature of the variable
coefficients and the boundary conditions. For example, if the
coefficients are constant and the boundary conditions are
homogeneous, one can use methods like Fourier series or Laplace
transforms to find the solution for more details see references [3-7].
It is difficult to reach the solution of this equation in the general
form. The method of separation of variables is very helpful for

solving linear PDEs of 2™ order. However, it has limitations. For
problems with non-constant coefficients, the method will not work
and for this reason we searched for another way to solve the problem
of the boundary values of Eq. (1).

[8] used the Adomian decomposition method (ADM) to solve wave
equations, and compared the obtained solution by (ADM) with the
Reduced Differential Transform Method and the Variational
Iteration Method. [9] presented the exact solution of reduced wave
equation with a variable coefficient by the solution of a classic
Riccati differential equation.

[10] gave an analytical solution of a fractional wave equation for a
vibrating string with Caputo time fractional derivatives. They
obtained the exact solution in terms of three parameter Mittag-
Leffler function.

[11] proposed a new formulation of boundary-value problem for a
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one-dimensional wave equation in a rectangular domain in
boundary conditions are given on the whole boundary. They proved
the well posedness of boundary-value problem in the classical and
generalized senses.

[12] showed how characteristic coordinates, or equivalently how the
well- known formula of d'Alembert, can be used to solve initial-
boundary value problems for wave equations on fixed, bounded
intervals involving Robin type of boundary conditions with time-
dependent coefficients

2. Solution method
The wave equation with variable coefficients is

» (x,t)+p(x)ux(x,t>+q(x)ut<x,t>+r(x)u(x,t)—vf(x)un(x.t>=o,

O<x <o, t20

1)

where u(x,t)is the functions that represents the wave, p,q,r and
V' are continuous functions on the interval (0,o0),andV (x) = 0for
any x e (0,00). That satisfies the boundary conditions

u, (O,t) =A(t), u(eo,t)=0 )
And initial conditions u(x,0) =u, (x,0)=0 3)

Eqg. (1) can be write as the following system of first- order partial
differential equations:

6u(x,t)+ 1 ou(x,t)
OX V(x) ot

o (U D)+ BNV (X )=0  (4)

v(x,t) 1 ov(x.t)
OX V(x) ot

+a, (X, )+ BN (x,1)=0  (5)
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we can also write this system in the form of Eq. (1) if the
following conditions are met.

_ LN O ) day(x)
PO =ax). alx) = [V (X)] Vi)' rx) ==y ~Ak)e(x)
dﬂl(x)

—B(x)B,(x)=0 (6)

We can verlfy this as follows:
Let's differentiate Eq. (4) with respect to x once and with respect to
t again

2 2
ai 1au_|_d[1jau+al(x)au _|_da1( )

and

o 9B, o
o Vo aa a v a1 e (ARG T 0

(7)
ou 1 au+a1(x)gt—u+ﬂl(X)%:O (8)

+—_
oxot V (x) at?

Multiplying Eq. (8) by i we obtain
Vv (x)

1 du L1 i+a1(x)au Bx) v _
V (x)oxot VZ2(x)at? V (x) ot V(x)at
Subtracting Eg. (9) from Eqg. (7), we get

ou |df 1 a,(X) ou u_ 1 N
ax—{d—(ﬂ]w—)} a0 g ar A0
_AK) v day(x) /7’1( )

V () at v u(x,t)+———v(x,t)=0 (10)
Multiplying Eq. (5) by B,(X), we get

ov(x,t) Bx)ov(x,t)
A(x) o V(x) et == (X)), (x)u(x,t)

=A ) S, (X (%) (11)

©)
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Substituting in Eq. (11) into Eq. (10) we get

ou ou [d{ 1) qK) u doy(x)
er%(X)&Jr[d—X[V (x)]_v (x)]at ( B (x)a ()jU(X,t)

(‘WX) ﬂl(x)ﬂz(m) - zl(x)gt—‘i:o 12)

By comparing Eqg. (12) with Eqg. (1), we deduce the conditions
given in (6).

Now we are looking for the solution to system (4) and (5) as
follows:

u(x,t)=>Cye“tent" (13)

Vv (X ,t) — ZCZne My (X )e in(t+7) (14)

where x, (X) functionsin x and 7= ]'d—é (15)
oV (&)

The compensation for (13) and (14) in the system (4) and (5) we
got

Z{Cln (dd/;n +a1Jein(tT) +C2nﬂlein(t+r):|e#n(x) —0

n

Z{Clnaze "L, (ddl;” +ﬁ2]e"‘“”)}e”" =0 (16)
Tnhis means that:

(ddf(ln +a1) in(t_r)cln + e in(tH)CZn =0 (17
ae"tIC, +(dd%+ﬂ2jei”“”)C2n =0 (18)

For the system (17), (18) to have a non-zero solution, it must fulfill
the condition:
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d 4,
#*‘0‘1 B

=0 (19)

dun LB
2

a,
Thus, we obtaln.

dd% = %[—(al +4,)+ \/(al + ﬁz)z +4(a, - f3,) J (20)

Here it becomes clear that there are two values of the function

4, (X), which are not dependent on n . The solution of Eg. (1) can
be written as the following:

u(x,t)=> [ D, e +D, e Je"t (1)

Since the value of the function u (x,t) ata point x and time t can
be expressed by superposition the values of this function at
different points X; and time t , multiplied in coefficients only
depend on x , it produces that:

u(x,t)y=a(x)u(0,t —z)+b(x)u(oo,t —7) (22)
Then use U (o0,t) =0, we have
u(x,t)=ax)u(0,t —7) (23)
Applying the boundary condition u, (0,t)=A(t), as follows
_da(x) _a(0) du(o,t) _
u, (O,t)——xzou(O,t) v 0) ST A(t) (24)
We get
M—5u(0,t)_ v (O)A(t) (25)
a(0)
Were
5=V (0 dakx) (26)
a(0) dx |
Solution to Eq. (25) is
L) =" (0) % j A ¥d ¢ 27)
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So, we get the function: u(x,t) =a(x )u(0,t —7)

which satisfies the boundary conditions (2) and the initial conditions
(3), but does not fulfill Eq. (1), and with that the solution that fulfills
Eq. (1) we can obtain it by means of the auxiliary function w (t)
which is a solution to Eg. (25). Thus, in order for u(x,t) to satisfy
Eq. (1), it must be written in the form

t-78,

Mh0=ﬂﬁddxwﬂ—ﬂ+@@;ﬁN@N%+%&)jhﬂ%ﬂ%kz

t-783$;

+,(x) [ [ [w (s,)ds ds ds, +..
000
t—7S,S,1  S»

+4,0) [ | [ [ w (s,)dsds,ds,..ds,, +.. (28)
Also (se:;[;])O 0

tﬁ'sj‘l Sng (s,)ds ds,ds,..ds, = J' - (T_;))'J 1W(s)ds (29)

We can erte u(x,t) form:
F-r-s)?

u(x,t)=gy(xJalxw (t - T)+Z¢ (X)J w(s)ds  (30)

(-n!
where the function w (t) satlsfles the equation:
dw () V(0
o ow (t) = a(0 )A(t) w(0)=0 (31)

Now, we will show that u (X, t) is the solution of Eq. 1.
From Eq. (30) we calculate the partial derivative with respect to x
and we have

ou d¢o(X) B a(x) g (x)ax) ow (t —7)
x ———a(x Wt —7)+4,(x) w(t-7)- V) ot-7)
¢1(X) dg, (X)t ‘(t-r-s)
N )W(t— )+; ! Y w (s)ds
¢(X) Tt - T—S)J_Zw
Tl oo e .
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We calculate the second partial derivative with respect to x , and
we get

ou _d*

FViinr 5 (¢, ()a()w (t —7) - {md—(%( Ja(x))

d 1 w-7) [ 2 dg(),
+olxQ/(x))"jo(x)"’l(x)} ot —7) {v x) dx&/ JA(x )}
W(t_r)+¢o(x2)a(x)a?vv(t—r) h(x) w t-7) ¢2(x)w(t_f)

VZX) -7 V() ot-1) V()

(t-r-s) =2 dgi(x) d

Z; dx 2 ! (j -1! (S)ds_z{V() dx dx&/(x))qﬁ(x)}
(t-r-s) S4,) Ft-r-s)°

! (-2 w(s)ds+§vz(x)£ (3 w(s)ds  (33)

We also calculate both the first and second partial derivatives with
respect to t and we have

ou ow(t-7) T) “(t—7—s)?
PRl O mzq—_
62 _4a oW (t - r) ow (t-7)

= t-r-s)
- + - +¢2W(t—r)+;¢j£—(j T W (s)ds

(34)
Compensation for (32) (33) and (34) in Eq. (1) we get
H )+ () (62 +1(X) ] [ 2 94

0

j=2

V (x) dx
P4+ P8 o) -0 -| 2L g0
dxgl(x) V(x) . V(x)dx

L P(x) ow (X —7)

+&g/( )) V( )¢oa q(x)d, } 30 —7)

o d2¢
+Zl( Ve +p(x) +r()¢_1] (—X)d—x —g/(x)
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P(x) (t-r-s)"” _
V( 4 ﬂ j —2)_w (s)ds =0 (35)
Then we put each of all the coefficients for the following:
ow (X —7) w J‘ “(t—7-s)’ ZW(S)dX
ox —17) (j —2)!

in Eq (35) are equal to zero, we find that

V(X)dx Q/(x)) \%X; q<x)}¢o(X>a(x)=0 (36)

2 4d.d 1)+p(x)—q<x)]¢1(> [dz Pl (x)]qﬁo(x)a(x):o

V(x)dx dx V(x) V(x) dx dx
@37)
2 pl) d? d
WT( dx ) }5 (x)- [dxz p(x )&”( )]¢ 4(x)=0
(38)
Let's put
2 d pX)
{V (x)dx dx&/(x)) V (x) Ak )} (39)
D = {dd22+p(x)—+r(x)} (40)
Therefore, Eq. (36) is written in the form
Ly (x)a(x)=0 (41)
Also, Eq. (37) is in the form
L (x)=Ddgy(x)a(x) (42)
From Eg. (38) we get
Lg;(x)=Dg, ,(x) , ]=234.. (43)

Now we substitute in the boundary condition: u, (0,t) =A(t) In
Eqg. (35), we find that

A() = ¢0<0){da(x)

a(0)

W(t)—a(O) dW(t) + d¢0(X)|
o V(0) dt dx |

X
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_4(0) dg;,(x)
y (O)}W (t)+JZ;[ ™

¢; (0) .[( 5)’ 2\“
V(0> (-2)!

x =0
(44)
From (24), we get

dgy(x) 4.(0) (%)
Alt)= ¢0(0)A(t)+{ i | a(0) V(O)}W(m;{ g
4,0 |} (t —s)] C
V(OJ | (-2 v (s)ds (45)
Equal the coefficients of both sides of Eq. (45), we get the
following:
¢o(0):1
40) =20 V(o) T2
X x =0
(15,-(0)=V(0)M , =23 (46)

Thus, we have obtained equations in ¢; (x ) with the following
boundary conditions:

L, (x)a(x)=0, ¢o(0) =1

LK) =D at), 40 =al0N @A) (47)
) Cdgw)|

L X)=Dg.00.  GO-VOE =23,

where
|2 d d 1 pXx)
{v K ax Tax Vo) v ) 4 )}

and D = £+ p(x)d—+r(x)
dx 2 dx
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Finally, solution to the Eq. (1) with the conditions (2) and (3) is in
the form

t—r j—1
d t—7-5)’
W0t = 000w (¢ -7+ D g, 00) [ LoE0
j=1 0 (J _1)
where w (t) satisfies the differential Eq. (31), and the coefficients
¢,(x), ] =012,.. aregiven by differential equations solutions
47).

w (s)ds

3. Conclusions:

In this paper, the problem of the limit values of the wave equation
with variable coefficients was solved under certain boundary and
initial conditions using the technique of replacing replaced by it with
a system of first-order partial differential equations then solve this
system and showed that have same solution.

We concludes that method was very useful in obtaining a solution
to this problem.
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